The problem of finite-time vibration control of earthquake excited linear structures with input time-delay and saturation is concerned in this paper. The objective of designing controllers is to guarantee the finite-time stability of closed-loop systems while attenuating earthquake-induced vibration of the structures. First, based on matrix transformation, the structural system is described as a state-space model, which contains actuator saturation and input time-delay. Then, based on a Lyapunov functional and finite-time stability analysis method, some sufficient conditions for the existence of saturationtolerant finite-time vibration-attenuation controllers are obtained. By solving these conditions, the desired controllers can be obtained for the closed-loop system to be finite-time stable with a prescribed level of disturbance attenuation. It is shown by the simulation results that compared with some Lyapunov asymptotic stability results, finite-time stability control can result in better state responses. Furthermore, saturation-tolerant controller can result in a much lower controller gain than the ones without considering actuator saturations.
INTRODUCTION
Due to the limitation of land, more and more high-rising buildings are built up in recent years. Such kinds of buildings not only help save the source of land, but also present a better scene to people. However, some strong earthquakes and wind happen frequently in past several years. Such as, the 2008 Wen Chuan Earthquake, the 2010 Yu Shu Earthquake, and the 2011 Japanese tsunami etc. have resulted in collapse of many buildings and death of many people. As structural buildings become higher and higher, their stability and solidity are challenged and cannot be guaranteed only by those passive and semi-active control methods. Thus, the status of active control [1] for structural buildings becomes more and more significant, and many achievements have been reached by the scholars during the last decades, such as, output-feedback control [2] [3] classical H ∞ control [4] [5] , energy-to-peak control [6] [7] [8] , robust sampled-data control [9] , sliding mode control [10] [11] [12] [13] , adaptive control [14] , fuzzy control [15] , neural networks [16] , optimal control [17] [18] , etc., have been applied to the vibration attenuation for buildings structures. Furthermore, some active control devices also were designed for applying those control algorithms. For example, magnetorheological dampers [19] [20] [21] , active mass damper (AMD) [22] [23] , active brace system (ABS) [24] [25] , etc. have been used for vibration attenuation.
On the other hand, most of those actuation devices are subject to amplitude saturation, that for the physical inputs such as force, torque, thrust, stroke, voltage, current, and flow rate of all conceivable applications of current technology are ultimately limited, and unexpected large amplitude disturbances can also push a system's actuators into saturation, thus forcing the system to operate in a nonlinear mode, for which it was not designed and in which it may be unstable [26] . Thus controller design for buildings structural systems, which involves actuator saturation, is also needed. Fortunately, some existing achievements already considered this problem (see [27] [28] and those references therein). Furthermore, time delay or transportation lag is commonly encountered when the control forces are applied to the practical systems. Thus, another important issue of structural control is the time delay problem when the control forces are applied to the structures [29] [30] . Recently, the study of structural systems with control input time-delay has received increasing attention, for example, in terms of the feasibility of certain delay-dependent linear matrix inequalities (LMIs), the robust H ∞ disturbance attenuation problem for uncertain structural systems with control input time-delay was researched by [8] . [31] addressed a convex optimization approach to the problem of state-feedback H ∞ control design for vibration reduction of base-isolated building structures with delayed measurements. By combining the random search of genetic algorithms and the solvability of LMIs, [32] investigated the H ∞ controller design approach for vibration attenuation of seismic-excited building structures with time delay in control input channel. Based on LMI technique, the problem of robust active vibration control for a class of electro-hydraulic actuated structural systems with time delay in the control input channel and parameter uncertainties appearing in all the mass, damping and stiffness matrices was investigated in [33] . By considering the actuator saturation and control input time-delay, the active vibration control for a class of earthquake-excited structural systems was presented in [27, 28] . For more results about the saturation and time-delay, the readers can refer to [8] [9] 26] and those references therein.
On the other hand, it is worth to point out that most of the existing results are obtained based on Lyapunov stability analysis method, which cares about the asymptotic convergence of the system while t → ∞. However, it is often the peak values of displacements or accelerations make the buildings damaged. Thus, a better performance can be expected if finite-time stability analysis method is taken into consideration. The concept of finite-time stability was first introduced in the Russian literature [34] . A system is said to be finite-time stable if, given a bound on the initial condition, its state does not exceed a certain domain during a specified time interval. Recently, the problem of finite-time stability of regular or singular systems has received considerable attention. For example, based on Lyapunov functional, [35] discussed the finite-time stability of a class of stochastic nonlinear system, and some sufficient stability conditions were obtained. In terms of LMI technique, some sufficient conditions were given in [36] for the uncertain discrete singular systems to be finite-time stable and stabilizable. For more results about the finite-time stability, the readers can refer to [37] [38] [39] [40] [41] [42] and the references therein.
This paper concerns the problem of finite-time vibration control of earthquake excited linear structures with input time-delay and saturation. The main contribution of this paper consists in three aspects. First, based on the matrix transform, the state-space model of structural systems, which contain parameter uncertainties, input time-delay and actuator saturation, is obtained. Then, the signal input time-delay and actuator saturation are considered in the stabilization controller design for structural systems. Second, the concept of finite-time stability is expanded to the stability analysis of structural systems with input timedelay and saturation, and the LMIs-based conditions are established for the
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structural systems to be finite-time stabilizable. By solving these LMIs, the desired actuator saturation-tolerant controller can be obtained for the closed-loop system with input time-delay to be finite-time stable with the performance ||z|| 2 <γ ||ω|| 2 . Third, a PNP Lyapunov functional is utilized to obtain the finite-time stabilization conditions, and the less conservativeness of PNP Lyapunov functional has been shown in [43] .
The organization of this paper is as follows. Section 2 formulates the problem and presents the dynamic models. The main results are given in section 3. The illustrative examples are given in section 4 to show the applicability and improvement of the presented approaches. Finally, the paper is concluded in section 5.
Notation: Throughout this paper, for real matrices X and Y, the notation X ≥ Y (respectively, X > Y) means that the matrix X − Y is semi-positive definite (respectively, positive definite). I is the identity matrix with appropriate dimension, and a superscript "T" represents transpose. ||x|| 2 expresses the 2-norm of x. We define . For a symmetric matrix, * denotes the symmetric terms. The symbol R n stands for the n-dimensional Euclidean space, and R n × m is the set of n × m real matrices.
PROBLEM FORMULATION AND DYNAMIC MODELS
Consider an n degree-of-freedom structural system. The system under consideration is depicted in Fig. 1 . The linear structural model equation can be written with [8] [9] [27] [28] ,
where , x mn (t) is the interstorey relative drift of the nth floor; u(t − τ) is the control force input, and τ is the control forces input timedelay; is the input disturbance belongs to L 2 [0, ∞), H 0 R n×m gives the locations of these controllers, H ω R n×1 is an vector denoting the influence of disturbance excitation, and M, C, K R n×n are the mass, damping and stiffness matrices of the system, respectively. From Fig. 1 , we can obtain , , Vol. 
x m1 (t) Figure 1 . n degree-of-freedom structural system. 
where C z is real constant matrix with appropriate dimensions, Φ(t) is the initial condition on the segment [−τ, 0], ω(t) = satisfies , and , , , .
When considering possible actuator saturation, we introduce a state-feedback controller in the form of ,
where F is the actuator saturation-tolerant controller gain to be design later. The function σ ( . ): R m → R m is a standard saturation function with the limit of u lim i for the ith actuator, i.e., σ (Fx(t)) = [σ (u 1 (t)), σ (u 2 (t)), …, σ (u m (t))] T where σ (u i (t)) = sign (u i (t))min{|u i (t)|, u lim i } . Then, we can use the transform σ (Fx(t)) = ψ(t)Fx(t) [44] [45] [46] , where ψ(t) = diag{ψ 1 (t), ψ 2 (t), …ψ m (t)}, ψ i (t) Δ = σ (u i (t))/u i (t) with ψ i (t) = 1 if u i (t) = 0. To obtain the high gain controller as that in [44] , the command to the ith actuator is allowed to be ε i u lim i , for an arbitrary scalar ε i > 1. Therefore, the resulting ψ i (t) will be bounded by ε -1 i and 1, that is,
e 0i and f 0i are all column vectors with the ith items to be 1, and others to be 0. Obviously, there has δ i (t)/δ -i ≤ 1. In practice, the mass, damping and stiffness are usually subjected to possible perturbations, such as measurement error, the changes in environmental temperature and plastic deformation, etc.. By assuming that the uncertain , , , j = 1, 2, …n, where are the lower (upper) bounds of the mass, stiffness and damping respectively, and denoting , , , , 
where uncertain matrices 
Vol. 
Lemma 3 [48] : given matrices χ, μ, and ν with appropriate dimensions and with χ symmetrical, then χ + μF(t)ν + ν Τ F(t) Τ μ Τ < 0 holds for any F(t) satisfying F(t) Τ F(t) ≤ I, if and only if there exists a scalar λ > 0 such that χ + λμμ Τ + λ −1 ν Τ ν < 0. 
MAIN RESULTS
, (7) ,
, (14) where , , , 
Furthermore, a state-feedback controller is described as F = GS −T . Proof: See the Appendix Remark 1. It is worth to point out that the conditions in Theorem 1 are actually LMIs when the real scalars β 1 , β 2 , β 3 and β 4 are priori givens. Furthermore, The variables β 1 , β 2 , β 3 and β 4 supply an additional degree of freedom for the feasibility of LMIs (6)- (14) . Thus, the conditions in Theorem 1 can be solved directly by the powerful LMI toolbox in Matlab. Moreover, the controllers obtained by Theorem 1 are with fixed gains, which are easy to be used for calculating the control forces, and satisfy the real-time requirement of practical structural systems.
Remark 2. The closed-loop systems, which are composed of the finite-time H ∞ stabilization controllers obtained by Theorem 1, have not only the H ∞ performance ||z|| 2 < γ ||ω|| 2 for t[0, ∞), but also the state constraint
It is well known that most earthquakes, especially, their peak excitations, last a very short time. Thus, when the peak excitation comes during the time interval [0, T ], the state constraint can make sure that the state responses satisfy x(t) T Rx(t) ≤ κ 2 2 . Then, as the excitations become weak, the H ∞ performance can still ensure that the state responses satisfy ||z|| 2 < γ ||ω|| 2 . Furthermore, if we choose α = 0, LMI (6) reduces to an H ∞ state feedback controller design condition. That is to say, H ∞ stability is only a special case of finite-time stability, thus, the less conservativeness of Theorem 1 is obvious. Based on Theorem 1, we can obtain the following Corollary 1 and 2, which guarantee the H ∞ stability of the closed-loop systems with and without saturation.
Corollary 1: The system (4) without uncertainties is H ∞ stabilizable for constant time-delay τ, if there exist positive definite symmetric matrices P,
, 4, 5, 6), nonsingular matrix S, positive scalars r 01 , r 02 , …, r 0m , and scalars β 1 , β 2 , β 3 , β 4 satisfying (7) and the following LMI T  11  1  2   2  4  3  1  2  3  4  5  0  0  3   2  5  2  3 2 4 
T T T i i T T T i i T T T i i T T T i i T T T T
where .
Furthermore, a state-feedback controller is described as F = GS −T .
Corollary 2:
The system (4) without uncertainties and saturation is H ∞ stabilizable for constant time-delay τ, if there exist positive definite symmetric matrices P, 
Furthermore, a state-feedback controller is described as F = GS −T . Theorem 2: The system (4) is robustly finite-time H ∞ stabilizable with respect to (c 1 , c 2 , c 3 , -R, T, γ, d) for constant time-delay τ and constant α ≥ 0, if there exist positive definite symmetric matrices P, 1, 2, 3, 4, 5, 6 ), nonsingular matrix S, positive scalars r 01 , r 02 , …, r 0m , r 11 , r 12 , …, r 1n , r 21 , r 22 , …, r 2(2n) , ε 1 , ε 2 , ε 3 , ε 4 , ε 5 , ε 6 , and scalars β 1 , β 2 , β 3 , β 4 satisfying equation (7)- (14) and the following LMI ,
where , , respectively, it is easy to obtain the robust H ∞ stabilization conditions for the system with and without saturation, and the operation is similar to Theorem 2. For brevity, they are omitted here.
ILLUSTRATIVE EXAMPLE
Consider the structural system with n = 3. The structural parameters are m i = 1000kg, k i = 980kN/m, and ĉ =1.407kNs/m(i =1, 2, 3 ) [8] . Then, the state space equation (3) has the following parameters: 
Assume that the displacements and velocities of the three storeys are all measurable for feedback in this case. The controlled output is chosen to be the interstorey relative drifts, that is, z(t) = [x m1 (t) x m2 (t) x m3 (t)] T . Consider the maximum actuator output force limit u lim i = 400N, and suppose that ε i = 10 where i = 1, 2, 3. Then, we can get the permissible maximum control signal before saturation u bef lim i = ε i u lim i = 10 × 400 = 4000Ν, that is, when the control signals before saturation satisfy , the designed controllers should have the desired performances. In order to verify the dynamics of the closed-loop system, a time history of acceleration (see Fig. 2 ) from EI Centro 1940 earthquake excitation is applied to this system, and this excitation satisfies . Thus, we can choose d = 9. For description in brevity, we denote this designed controller as controller I thereafter. On the other hand, By choosing τ = 25ms, β 1 = 5, β 2 = β 3 = β 4 = 0.1, γ = 0.2, we solve the Corollary 1 and obtain a saturation-tolerant H ∞ state feedback controller which has the following gain matrix (21) and this designed controller is denoted as controller II thereafter. Furthermore, by choosing τ = 25ms, β 1 = β 2 = 0.1, β 3 = β 4 = 1, γ = 0.2, ψ 0 = I 3 , we solve the Corollary 2 and obtain an H ∞ state feedback controller which does not consider the input saturation and has the following gain matrix (22) This designed controller is denoted as controller III thereafter. In order to facilitate the comparison, we obtain another energy-to-peak state feedback controller, which does not involve the finite-time stability, by solving Theorem 1 in [49] with γ = 0.2, and this controller has the following gain (23) which is denoted as controller IV thereafter. Then, we choose partial state responses of the open-loop system, which is excited by the earthquake shown in fig.2 , as the initial condition, and it is shown in Fig. 3 . After doing some calculations, we obtain the initial conditions satisfying < c Table 1 . Obviously, the controllers are all effective in attenuating the structural vibrations. However, it can be found from Table 2 . It can be obtained from Table 2 Now, let's come to see the uncertain case, and the maximum actuator output force limit u lim i = 800N, and suppose that ε i = 10 where i = 1, 2, 3. Then, we can get the permissible maximum control signal before saturation u bef lim i = ε i u lim i = 10 × 800 = 8000N, that is, when the control signals before saturation u bef i satisfy u bef i ≤ 8000N, the designed controllers should have the desired performances. Furthermore, the uncertainties are applied to the mass, stiffness and damping coefficients of the first storey, and the parameter uncertainties satisfy |θ 11 | ≤ 0. (7)- (14) and (17), and obtain Table 3 , where Open means Open-loop system and Closed means Closedloop system. we can obtain from Table 3 that better maximum responses are reached for all closed-loop cases no matter the parameter uncertainties exist or not. 2 3 . Thus, it is validated that the designed finite-time stability controller V is robust to parameter uncertainties. The corresponding input forces are plotted in Fig. 12 , which shows the saturations happen in the closed-loop systems.
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= − − − − − − − − − − − ⎡ ⎣ ⎢ ⎢ ⎢ ⎤ ⎦ ⎥ ⎥ ⎥. 1 = − − − − − − − − − − − ⎡ ⎣ ⎢ ⎢ ⎢ ⎤ ⎦ ⎥ ⎥ ⎥, 2 = − − − − − − − − − − − − ⎡ ⎣ ⎢ ⎢ ⎢ ⎤ ⎦ ⎥ ⎥ ⎥. 3 = × − − − × − − − × − − − − − − − − − − − − ⎡ ⎣ ⎢ ⎢ ⎢ ⎢ ⎤ ⎦ ⎥ ⎥ ⎥ ⎥ −
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The maximum control signals before saturation of those actuators are shown in Table 4 . We can obtain from Table 4 that the maximum control signal before saturation is 6252.9N, which is less than the permissible limitation 8000N.
CONCLUSION
The finite-time vibration control of earthquake excited linear structures with input timedelay and saturation has been investigated in this paper. First, by introducing a transform matrix ψ(t), the linear structural system is described as a state-space model, which contains actuator saturation and input signals time-delay. Secondly, based on finite-time stability analysis method, some sufficient conditions for the existence of saturation-tolerant finite-time vibration-attenuation controllers are obtained. If the feasibility problem of these conditions is solvable, the desired controller can be obtained for the closed-loop system to be finite-time stable with a prescribed level of disturbance attenuation. The condition is also extended to the uncertain case. Finally, the simulation results show the effectiveness of the designed controllers. For the vibration control considered in this article, the systematic state is chosen as the constrained variables. However, acceleration is also an important factor influencing the safety of structures. Thus, obtaining the controllers with acceleration constraint considered is an interesting challenge for future research. Furthermore, it should be highlighted that the proposed methodology can be of great interest to a wide variety of engineering areas, where the state constraint and vibration attenuation are encountered.
APPENDIX
Proof of Theorem 1: We first consider the system (4) without uncertainties, that is, θ 1i = 0(i = 1, 2, … n), θ 2i = 0(i = 1, 2, … 2n). By substituting the control law u(t) = (ψ 0 + Δψ)Fx(t) into the system (4) and according to , we can obtain the following closed-loop system (25) Choose a Lyapunov-Krasovskii functional candidate as
where (4) is given by 
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V t x t Px t x t Q x t x t Q x t x Q x x Q x ds x t Q x t x Q x d
x Q x x Q x dsd ( ) 2 ( ) ( ) ( From (35) and (36) , it is easy to obtain (37) Integrating both sides of (37) from 0 to t with t ∈ [0, Τ], it follows .
By lemma 2, it has .
According to (27) , we have (40) where
where , .
Furthermore, it holds .
In view of (39) 
